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Weyl nodes in three-dimensional Weyl semimetals break the Liouville equation, leading to the
Liouville anomaly. Here we present a new approach to derive the semiclassical action and equations
of motion for Weyl fermions in the presence of electromagnetic fields and torsions from the quantum
field theory: combining the Wigner transformation with band projection operation. It has been
shown that the Liouville anomaly, including a new pure torsion anomaly term, a mixing term
between the electromagnetic fields and torsions as well as the conventional chiral anomaly, entirely
differs from the counterpart of axial gauge fields. We find various torsional responses and reproduce
the chiral vortical effect and the torsional chiral magnetic effect. A new torsion modified anomalous
Hall effect due to the mixing term in the Liouville anomaly is predicted and its implementation is
also discussed. Therefore, our work not only provides new insights into the torsional responses for
Weyl fermions but also acts as a starting point to investigate their topological responses.
I. INTRODUCTION
Quantum anomalies, the breaking of classical symme-
tries by quantum fluctuations, have attracted much at-
tention in condensed matter physics due to the deep con-
nection with topology [1, 2]. Many exotic responses of
topological phases of matter can be understood in the
language of quantum anomalies, including topological in-
sulators [3, 4] and topological semimetals [5–7]. Recently,
the chiral anomaly in the context of three dimensional
Weyl and Dirac semimetals has led to rich physical phe-
nomena [8–11], such as the chiral magnetic effect (CME)
[5, 12–20], the negative longitudinal magnetoresistance
[21], the nonlocal transport [22], the giant planar Hall
effect [23, 24], and the unconventional collective excita-
tions [25–29], some of which have been observed experi-
mentally [30–36].
Historically, the chiral anomaly was first derived by
use of the perturbation method [37, 38], later by the Fu-
jikawa’s path integral method [1] and from the transport
of the chiral zeroth Landau level [39]. Recently, the Berry
curvature modified semiclassical equations of motion are
used to derive the equation of the chiral anomaly [40].
Within the framework of the semiclassical equations of
motion [41], the chiral anomaly equation manifests itself
as breaking the conservation of the phase-space current
or the Liouville equation, which is also dubbed as the Li-
ouville anomaly [40, 42, 43]. Compared with Fujikawa’s
method, the absence of ultraviolet cut-off in the Liou-
ville anomaly can be traced back to the charge pump-
ing between Weyl nodes with opposite chirality. In the
presence of dislocations or temperature gradients, gravity
with torsion would emerge. A non-vanishing torsion con-
tributes the Nieh-Yan term to the chiral anomaly equa-
tion [44], leading to novel geometrical responses for Weyl
fermions [45, 46].
In fact, the construction of the semiclassical equations
of motion with torsions is highly nontrivial. Both the
wave-packet approach [47] and the chiral kinetic theory
[40] are based on the Hamiltonian mechanics, while the
Hamiltonian from the curved-spacetime Dirac equation
is tortured by the Hermiticity problem [48]. Although a
Hermitian Hamiltonian can be obtained from some care-
ful manipulations [49], it would be too cumbersome for
our purposes. In addition, semiclassical chiral kinetic
theory can also be derived from quantum field theory, but
it only keeps valid in the homogeneous limit [50]. There-
fore, a new method for deriving the semiclassical equa-
tions of motion with torsions is highly desirable and cru-
cial to investigations of the related topological responses.
In this paper, we develop a new formalism to derive
the semiclassical action and equations of motion for Weyl
fermions in the presence of electromagnetic fields and
torsions from the quantum field theory: combining the
Wigner transformation with band projection operation.
The relevant Liouville anomaly consists of a new pure
torsion anomaly term, and a term mixing the electromag-
netic fields and torsions, in addition to the conventional
chiral anomaly. Various novel responses are obtained,
such as the chiral vortical effect and the newly proposed
torsional chiral magnetic effect. Meanwhile, we find a
new torsion modified anomalous Hall effect (AHE) from
the mixed term in the Liouville anomaly and discuss its
implementation in Weyl semimetals with broken time re-
versal symmetry such as Co3Sn2S2. In addition, we find
that the chiral zero modes localized in dislocations can
be cancelled by the compensation of those states from
the bulk via the Callan-Harvey Mechanism.
The rest of this paper is organized as follows. In Sec.
II, the Lagrangian density for Weyl fermions in the pres-
ence of torsions is introduced. In Sec. III, we derive
the one-band effective Green’s function by combining
the band projection with Wigner’s transformation. In
Sec. IV, the semiclassical dynamics in the presence of
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2both torsions and electromagnetic fields are derived. In
Sec. V, we consider torsional responses and derive the
anomaly equations within the semiclassical formalism.
We also predict a torsion modified AHE and discuss its
experimental implementation. In sec. VI, the main re-
sults of this paper are summarized. Finally, we give the
detailed calculations in the Appendices.
II. MODEL
In the presence of dislocations, the corresponding de-
formation of media is described by the displacement vec-
tors ua (x), where the superscript a = 0, 1, 2, 3 denotes
locally flat spacetime coordinates with the metric ten-
sor ηab = diag (1, −1, −1, −1) [51]. That is, under a
lattice deformation, lattice coordinates are shifted, i.e.
x → x + u. So there is ∂µ = eaµ∂a, where eaµ is the viel-
bein, i.e. eaµ = δaµ + ∂µua, and µ = 0, 1, 2, 3 denotes the
curved spacetime coordinates (or lab coordinates) with
the metric tensor gµν = eaµηabebν . The action has the
form [52, 53]
S =
1
2
ˆ
d4x
∣∣det eaµ∣∣ [Ψ¯eµaγa (i∂µΨ)− (i∂µΨ¯) eµaγaΨ] ,
(1)
where γa are the 4 by 4 gamma matrices and eµa is the
inverse of eaµ. The action is written in this way to ensure
Hermiticity locally. The torsions or torsional electromag-
netic fields are defined as T aµν = ∂µeaν − ∂νeaµ.
III. BAND-PROJECTED GREEN’S FUNCTION
AND WIGNER’S TRANSFORMATION
The Green’s function for the right-handed Weyl
fermions can be read off from the action above directly.
One can see that this Green’s function depends on both
momentum and position. It is well-known that in quan-
tum physics, the position operator and the momentum
operator do not commute with each other. To develop
a semiclassical theory described by both momentum and
position, one needs to utilize the Wigner transformation
and has the Wigner-transformed Green’s function (see
Appendix. A)
iG˜−1 = (1 + w) pµδµaσ
a − wµapµσa +O
(
u2
)
, (2)
where σa =
(
1, σi
)
, wµa ≡ δρa∂ρubδµb and w ≡
δaµw
µ
a . The factor (1 + w) comes from the determinant∣∣det eaµ∣∣. One can see that, up to the linear-order terms
in u, this Green’s function is equivalent to iG˜−1 ≈
(1 + w) [pµδ
µ
a − (pµwµa )]σa. Thus, wµa couples to Weyl
fermions with a coupling charge p in a way similar to the
electromagnetic gauge fields.
In order to derive the semiclassical action, one shall
project the two-band Green’s function in Eq. (2)
onto its positive-energy bands, i.e. G˜−1++ = 〈u+| ∗(
G˜−1
)
∗ |u+〉, where |u+〉 is the positive-energy eigen-
states: p · σ|u+〉 = |p| |u+〉 [54]. The Moyal star prod-
uct, ∗ = exp
[
− i2
(←−
∂ qµ
−→
∂ pµ −
←−
∂ pµ
−→
∂ qµ
)]
, is from the
Wigner transformation. After lengthy calculations, one
gets the projected Green’s function (see Appendix. A)
iG˜−1++ = iG−1 − ap · ∂qiG−1 + ξviel, (3)
where iG−1 = (1 + w) paδaν pˆν + pawaν pˆν and aip =
〈u+|i∂pi |u+〉 is the Berry connection for electrons in
the conduction band. The bold alphabet here is used
for vectors in Euclidean space, e.g. qµ =
(
q0, −qi)
and ∂iq =
∂
∂qi is the derivative with respect to coor-
dinates q. In Eq. (3), the first two terms can be re-
garded as first-order Taylor’s expansion of G−1 (q− ap).
Hence, compared to electromagnetic fields, the Berry
connection is like gauge fields in the momentum space.
In addition, G−1 is the next-lowest-order expansion of(
det eaµ
)
pae
a
µpˆ
µ. pˆµ originates from eµb 〈u+|σb|u+〉, where
eµb links the locally flat spacetime to the lab coordinates.
Because, for right-handed Weyl fermions, the velocity op-
erator is va = ∂H/∂pa = σa, pˆµ would link to velocity in
lab coordinate as we shall show later. Finally, the energy
correction ξviel = 0αβσ pˆσ2|p|
(
1
2pbT
b
αβ
)
describes the cou-
pling between the orbital magnetic moment pˆ/2 |p| and
the spatial components of the torsion tensor T aij . The
torsional magnetic field T˜a is defined as the Hodge dual
of the torsion tensor (Ta)jk = ∂jq (ea)
k − ∂kq (ea)j , i.e.(
T˜a
)i
= 12
ijk (Ta)
jk.
IV. SEMICLASSICAL ACTION AND
EQUATIONS OF MOTION
In this section, we would like to construct the semi-
classical dynamics based on the band-projected Green
function above. The dispersion relation for the positive-
energy particles can be obtained by solving the equation
G˜−1++ = 0. That is, the on-shell particles are located at
poles of Green’s function. By keeping terms up to or-
der u and restoring the electromagnetic fields, one can
straightforwardly find the solution to Eq. (3), leading to
the semiclassical action (see Appendix. A)
L = k·q˙−(|k| − ξviel − ξem)+
[
(wa)µ ka −Aµ
]
q˙µ−ak ·k˙,
(4)
where ka =
(|k| , −ki), q˙µ = (1, q˙i), Aµ = (φ, −Ai)
is the electromagnetic gauge potential and ξem =
0αβσ 12|p|
(
1
2Fαβ
)
pˆσ stems from the orbital magnetic mo-
ment of electrons. It is clear that dislocations mod-
ify the semiclassical action through two ways: the shift
of the gauge potential and the correction of the en-
ergy dispersion, which implies that (wa)µ does behave
3like the electromagnetic gauge fields Aµ but with a cou-
pling charge ka. Note that we have changed variable
from canonical momentum p to mechanical momentum
k = p +
(
w0
) |p|+ (wj) pj −A.
The corresponding equations of motion can be derived
from the semiclassical action in Eq. (4),
Dq˙i =
{
[1− ∂nk (kawa)n] δij + ∂ik (kawa)j
}
vj
−ijk
[
Ω˜k − Ω˜m∂mk (kawa)k
] (
∂jqE −Tjele
)
−
(
Ω˜ · v
)
Timag, (5)
and
Dk˙i = −
{
[1− ∂nk (kawa)n] δij + ∂jk (kawa)i
}(
∂jqE −Tjele
)
+ijkvj
[−δkm + ∂kk (kawa)m]Tmmag
+Ω˜i [Tmag · (∂qE −Tele)] . (6)
where vi = ∂ik (E − wa0ka) is the velocity with ∂ik =
∂/∂ki being the derivative with respect to momentum
k. Ω˜i ≡ 12ijkΩjk is the Hodge dual of the Berry curva-
ture Ωij ≡ ∂ikajk − ∂jkaik. In addition to the torsional
magnetic fields, there also exists the torsional electric
fields (Ta0)
i
= −T a0i, which links to the thermal trans-
port [55–58]. Due to the common role played by tor-
sions and the electromagnetic fields, we could define
Timag = −Bi + ka
(
T˜a
)i
and Tiele = E
i + ka (T
a
0)
i.
The modified density of states is given as D/ (2pi)3 with
D = 1 − Ω˜jTjmag + Ω˜l∂lk (kawa)i Timag. With no tor-
sions, D would reduce to 1 + Ω˜ ·B, which is well-known
in semiclassical physics [59–65]. Interestingly, the tor-
sion coupling charge k leads to an extra term in D. Eqs.
(4)-(6) are part of the main results in this work.
Let us now turn to the physics encoded in Eq. (5).
The terms in the first line show that the velocity is mod-
ified by torsions. The terms in the second line correspond
to the anomalous Hall effect. Because temperature gra-
dient can be defined as T 00i [58] with e0µ coupling with
the energy current, the anomalous thermoelectric effect
is also included. The term in the last line contains both
the CME and the torsional CME (see Appendix. B). To
be more specific, the current caused by torsional mag-
netic fields is − ´ d3k
(2pi)3
fn
(
Ω˜n · vn
)(
T˜aka
)
, where in-
dex n denotes bands and chirality. fn is the Fermi-Dirac
distribution function. Because fn
(
Ω˜n · vn
)(
T˜iki
)
is an
odd function of momentum, this current should vanish
unless a pair of Weyl nodes with opposite chirality lo-
cated at different positions in energy-momentum space,
which can be implemented through breaking either time
reversal symmetry or inversion symmetry.
Meanwhile, the terms in the first line of Eq. (6) are
the electric force and the counterpart from torsions. Sim-
ilarly, those in the second line are the Lorentz force and
its torsional counterpart. One can clearly find that the
torsional magnetic fields behave expectedly like the con-
ventional magnetic fields. The last term closely relates
to the Liouville anomaly.
The anomaly term on the right-hand side in Eq. (6)
contains a mixing term between the electromagnetic
fields and torsions. But the Berry curvature always
leads to a Dirac delta function in the anomaly equation.
Since the coupling charge of torsions is momentum, non-
trivial results require Weyl nodes deviate from the ori-
gin. Hence, we assume that Weyl nodes with chirality
s (s = ±1) are located at λsa, and then have an extra
term in Eq. (1), i.e. Σs
´ ∣∣det eaµ∣∣ Ψ¯ (−λsaPs) γaΨ with
Ps =
1
2
(
1 + sγ5
)
and λsa =
(
λs0, −λis
)
, where we have
restored chirality index. The corresponding semiclassical
action becomes
Ls = k · q˙− (|k− λs|+ λs0 − ξviel − ξem)
+ (wa)µ kaq˙
µ −Aµq˙µ − aks · k˙, (7)
where aks = aks (k− λs) is a function of (k− λs). The
energy correction from the orbital magnetic moment term
becomes ξviel + ξem = ~0αβσ
1
2 (kbT
b
αβ+Fαβ)k̂−λsσ
2|k−λs| . Note
that, up to the lowest-order in external fields, the disper-
sion relation is k0 = |k− λs|+ λs0.
V. TORSIONAL RESPONSES AND LIOUVILLE
ANOMALY
In this section, we turn to consider the torsional re-
sponses and derive the anomaly equations within the
semiclassical formalism. We also predict a torsion mod-
ified AHE and discuss its experimental implementation.
The Callan-Harvey mechanism is used to discuss the lo-
cal charge conservation.
From the equation of motions in Eq. (5), one finds the
current stemming from
(
Ω˜ · v
)
Tamagka and ξviel as
j =
Λλi
2pi2
T˜i+
µλi
2pi2
(
1 +
1
3
)
T˜i+
µ
pi2
[
µ5
(
1
2
+
1
3
)
− λ0
6
]
T˜0,
(8)
where Λ is the energy cut-off rather than the mo-
mentum cut-off and is actually from the distribu-
tion function for negative-energy particles: fs− =
{exp [β (− |k|+ λs0 − µs)] + 1}−1. The chemical poten-
tial for s-Weyl fermions is µs = µ + sµ5 and µ5 is the
chiral chemical potential induced by the chiral anomaly.
In addition, we have assumed λsµ = sλµ hereafter.
The first term on the right-hand side of Eq. (8) is
the torsional CME (see Appendix. B). The relevant cur-
rent is proportional to energy cut-off Λ, which is actu-
ally from the distribution function for negative-energy
particles. Note that the Λ-dependent current had been
tested numerically in a tight-binding model [66]. The
4coefficients of 1 and 1/3 in the second term come from(
Ω˜ · v
)
Timag and ξviel, respectively, which are first ob-
tained in the present work. The second term means
that the torsional magnetic fields can induce currents
proportional to the chemical potential rather than the
chiral chemical potential. Physically, in the presence of
an external magnetic field, Weyl fermions with different
chirality would move oppositely and the net current is
thus proportional to the chiral chemical potential, which
gives rise to the CME [39]. On the other hand, for tor-
sional magnetic fields, λsi provides an extra minus sign,
so the current turns out to be proportional to the chemi-
cal potential µ. As we shall show later, the current from(
Ω˜ · v
)
Timag is closely related to the Liouville anomaly
in Eq. (7). Compared with the chiral pseudomagnetic
effect [16, 67–69], both currents are proportional to the
chemical potential. However, the extra minus sign in
the chiral pseudomagnetic effect comes from the oppo-
site coupling between the axial gauge fields and the right-
handed or left-handed Weyl fermions. For the last term,
the coefficient of µ5/2 comes from
(
Ω˜ · v
)
T0magk0, both
the coefficients µ5/3 and λ0/6 come from ξviel. Because
T˜0 links to the background rotation, µµ5T˜0/2pi2 corre-
sponds to the chiral vortical effect [12, 40, 70]. In anal-
ogy to the dynamical CME [71–74], −λ0µT˜0/6pi2 can be
regarded as the dynamical chiral vortical effect, which
stems from the orbital magnetic moment of electrons on
the Fermi surface as well.
The Liouville theorem states that the phase-space vol-
ume does not change under evolution. If we define ΩL
as the volume form in the extended phase space (posi-
tion, momentum and time), then the Liouville theorem
is equivalent to LV ΩL = 0. V = q˙i ∂∂qi + k˙i ∂∂ki + ∂∂t is a
vector relates to translation along time: for an arbitrary
function g (q, k, t), V g = ddtg. LV is the Lie deriva-
tive along vector V . Then, in the presence of the Berry
connection, it can be shown that LV ΩL ∝ dΩ × (. . . )
[43], where Ωjk is the Berry curvature, dΩ = ∂kiΩjkdki∧
dkj ∧ dkk. That is, the Liouville equation no longer
holds because of singularities of the Berry curvature at
the Weyl nodes. Hence, the Liouville anomaly origi-
nates from the infrared physics. But the Nieh-Yan term
states that ∂µj5µ =
Λ2r
16pi2 
µνρσ∂µe
a
ν∂ρe
b
σ, where Λr is the
energy-momentum cut-off. So it is aware of cut-off and
thus conflicts with the picture from semiclassical physics.
From the Liouville equation in the collisionless limit, one
reaches the anomaly equation in the presence of both the
electromagnetic fields and torsions (see Appendix. C)
∂µj
µ
s = −
sµνρσ
32pi2
(
FµνFρσ + λsaλsbT
a
µνT
b
ρσ − 2λsaFµνT aρσ
)
.
(9)
where jµs =
(
j0s , js
)
is the current of Weyl fermions with
chirality s. This new Liouville anomaly is another main
result in our work. It is clear that the last two terms ex-
plicitly depend on the positions of Weyl nodes in energy-
momentum space and thus significantly differ from the
counterparts of axial gauge fields [69]. Although these ax-
ial gauge fields from crystal deformations do not change
our main results, they may become significant out of the
weak displacement field regime in real materials. Accord-
ing to Ref. [75], the coupling charge between the torsional
electric fields (or temperature gradient) and particles is
k0−µs rather than k0, where terms proportional to tem-
perature are neglected for simplicity. This shift of the
coupling charge leads to some extra terms in Eq. (9), one
of which proportional to −sµs4pi2
[(
T00
)i
Bi
]
can provide an
intuitive explanation to the recent negative magnetother-
mal resistance in the Weyl semimetal NbP [76].
It is straightforward to derive the axial current
∂µj
5µ = −
µνρσ
16pi2
(
FµνFρσ + λaλbT
a
µνT
b
ρσ
)
, (10)
and the continuity equations for Weyl fermions,
∂µj
µ =
µνρσ
8pi2
(
λaFµνT
a
ρσ
)
, (11)
which can be understood from the chiral zeroth Lan-
dau level (see Appendix. D). Assuming the screw dis-
locations along the z-axis, the Weyl nodes with chirality
s locate at sλµ with s = ±1. For simplicity, we set
λµ = (0, 0, 0, −λz) and λz > 0. The displacement vec-
tor is assumed to be along the z-axis, so only one com-
ponent of the vielbeins survives e3µ =
1
2 (0, −T˜ y, T˜ x, 0).
Note that the surface density of the Burgers vector fields
rather than itself is constant. Consequently, the zeroth
Landau levels near pz = sλz are pz − sλz. Turning on
an electric field along the z-axis, charges are pumped up
from the Dirac sea and extra particles are "produced".
Specifically, the level degeneracy is roughly λzT˜2pi in the
vicinity of pz = sλz and the variation of momentum is,
4pz = E4t. Hence, the total variation of charge den-
sity is given as ∂tj0 = 12pi2λzT˜E, whose covariant form is
Eq. (11).
The first term in Eq. (10) corresponds to the conven-
tional chiral anomaly [37, 38]. Unlike the Nieh-Yan term,
the second term specifically depends on the locations of
Weyl nodes but is independent of the cut-off. A finite
chiral chemical potential could be developed by a time
dependent dislocation even without any external electro-
magnetic fields and would be crucial to the anomalous
transport phenomena for Weyl semimetals [77].
From the anomaly equation in Eq. (11), one finds the
following solution [78]
j = − λa
2pi2
(wa ×E− wa0B) . (12)
In this work, we mainly focus on the static disloca-
tions and would like to neglect the term proportional
to wa0 . j = − λa2pi2 wa × E is first discovered here and
5Figure 1. Schematic picture of the Callan-Harvey mechanism
for the cancelation of the anomaly due to the chiral zero modes
in the dislocation by the bulk states through the torsion mod-
ified AHE. The dashed vertical line refers to the dislocation
along the z direction. The black arrows refer to the chiral
anomalous current along the dislocation and blue arrows to
the torsion modified anomalous Hall current under an exter-
nal electric field along the z direction.
can be dubbed as the torsion modified AHE. This re-
sulting anomalous Hall current is still perpendicular to
the electric field, but can be parallel to the momen-
tum spacing between the two Weyl nodes with oppo-
site chirality λ. To show this point, let us set both
screw dislocations and λ along the z-axis, i.e. ua =(
0, 0, 0, u3 (x, y)
)
. In addition, the only non-vanishing
wa is w3 =
((
w3
)1
,
(
w3
)2
, 0
)
. When the electric field
is along the x-axis, the responses current is along the
z-axis, i.e. j3 = λ32pi2
(
w3
)2
E1. One can see that the ra-
tio between the torsion modified AHE and the intrinsic
AHE is roughly equal to |u|/a with a being the crystal
constant. For the Weyl semimetal Co3Sn2S2, the giant
intrinsic AHE is about 103 Ω−1cm−1 [79]. The torsion
modified AHE can thus reach tens of Ω−1cm−1 (|u|/a
is from 0.01 to 0.1.). Note that the mixing term in Eq.
(11) also underlies the terms of µλi2pi2 T˜
i in Eq. (8). In the
thermal field theory, the chemical potential would cou-
ple to j0, i.e.
´
µj0. So by keeping terms to leading
order in µ, the effective action from this mixing term is
0ijk
4pi2
´
µAi
(
λaT
a
jk
)
. Thus, the response current is given
as j = µ2pi2λiT˜
i [80].
Interestingly, Eq. (11) involves a mixing term between
the electromagnetic fields and torsions, which seems to
violate the charge conservation. However, one can un-
derstand this anomaly equation from the Callan-Harvey
mechanism [81]. Namely, anomalies due to the chiral zero
modes localized in defects are cancelled by the compen-
sation of those states from the bulk. The gauge invari-
ance is thus locally preserved, leading to the local con-
servation of electric charges. It has been shown that, in
Weyl semimetals with a dislocation, there are the chiral
zero modes with opposite chirality localized in the dislo-
cation and the boundary, respectively [82]. In addition,
the chiral zero mode in the dislocation or anti-dislocation
was also numerically found in Weyl semimetals [66]. To
specifically demonstrate the cancelation of the anomaly
due to the chiral zero mode in the dislocation by the bulk
states through the torsion modified AHE, we consider a
dislocation along the z-direction locates at x = y = 0
(see Fig. 1). Because of the chiral zero modes local-
ized at the dislocation (black arrows), under external
electric fields along the z-direction (E3), particles are
pumped up from the Dirac sea, which implies a one-
dimensional anomaly ∂µjµ ∼ 12piE3 in the dislocation.
Note that (wa)1 = − ba2pi y(x2+y2) and (wa)2 = + b
a
2pi
x
(x2+y2)
are solutions to the equation T aµν = −baδ(x)δ(y). So
the corresponding torsion modified anomalous Hall cur-
rents are j1 = −λaba2pi2 x(x2+y2)E3 and j2 = −λab
a
2pi2
y
(x2+y2)E
3
(blue arrows), which means that this current flows to-
ward (outward) the dislocation for λaba > 0 (λaba < 0).
Consequently, the chirality of localized chiral zero modes
should depend on the sign of λaba and the extra charges
in the dislocation are compensated by the bulk states.
Therefore, the electric charges are locally conserved.
Note that the torsion modified AHE here plays a sim-
ilar role as the AHE in the cancellation of the anomaly
of one-dimensional domain wall embedded in the (2+1)-
dimensional massive Dirac fermion system [83].
VI. CONCLUSIONS AND DISCUSSIONS
In summary, we have presented a formalism to con-
struct the semiclassical action and equations of motion
for Weyl fermions in the presence of both electromag-
netic fields and torsions from the quantum field theory. It
has been shown that the torsional electromagnetic fields
make the Liouville anomaly equation essentially different
from the counterpart of axial gauge fields. Our results
could give rise to various torsional responses and repro-
duce the torsional CME and the chiral vortical effect. In
addition, a new torsion modified AHE originating from
the mixing term in the Liouville anomaly is predicted
and its implementation in Weyl semimetals lacking time
reversal symmetry is discussed as well.
Recent progress on material realization of Weyl
semimetals with no time reversal symmetry in Co3Sn2S2
could facilitate the experimental investigation of the tor-
sional responses associated with dislocations.
ACKNOWLEDGMENTS
The authors are grateful to Professor Michael Stone for
pointing out the Callan-Harvey Mechanism and to Liang
6Dong, Bo Han, Tao Qin and Cenke Xu for insightful dis-
cussions. ZMH, LL and HHZ were supported by the Na-
tional Natural Science Foundation of China (NSFC) un-
der Grant No. 11875327. JZ was supported by the 100
Talents Program of Chinese Academy of Sciences.
Appendix A: Wigner transformation, band projection and semiclassical action
In this section, we provide the detailed derivations of the Wigner-transformed and band-projected Green’s function.
For clarity, we focus on the case in which the torsional electromagnetic fields and the electromagnetic fields are parallel.
The action for Weyl semimetals in the presence of dislocations is given as [52, 53]
S =
ˆ
d4x
√
−det g 1
2
[
Ψ¯eµaγ
a (i∂µΨ)−
(
i∂µΨ¯
)
eµaγ
aΨ
]
, (A1)
where eµa is the frame fields, ηab is flat spacetime coordinates with indices a, b = 0, 1, 2, 3 and gµν = eaµebνηab is
curved spacetime metric with indices µ, ν = 0, 1, 2, 3. The torsion is defined as T aµν = ∂µeaν − ∂νeaµ. If the lattice
displacement is ua (x), then eaµ = δaµ + ∂µua and eµa = δµa − δρa∂ρubδµb +O
(
u2
)
.
Then, by keeping terms up to order O (u), the action for right-handed Weyl fermions becomes
SR =
ˆ
ddx
{
Ψ†R
[
σaδµa i∂µ + wσ
µ (i∂µ) +
1
2
i (∂µw)σ
µ − wµaσai∂µ −
1
2
(i∂µw
µ
a )σ
a
]
ΨR
}
(A2)
where wµa = δνaδ
µ
b ∂νu
b and w = δµa∂µua. The corresponding Green’s function is
iG−1 = σaδµa i∂µ +
[
wαb (iσ
µ∂ν) +
1
2
∂νw
α
b iσ
µ
] (
ηbαη
ν
µ − ηναηbµ
)
. (A3)
Performing the Wigner transformation [84] leads to
iG˜−1 = pµσaδµa +
(
ηbαη
ν
µ − ηναηbµ
) [
wαb ∗ pνσµ + i
1
2
∂νw
α
b σ
µ
]
= pµσ
aδµa +
(
ηbαη
ν
µ − ηναηbµ
)
(wαb pνσ
µ) , (A4)
where ∗ = exp
[
− i2~
(←−
∂ qµ
−→
∂ pµ −
←−
∂ pµ
−→
∂ qµ
)]
is Moyal’s product from the Wigner’s transformation. Although we
have used the nature unit, for heuristic purposes, ~ in Moyal’s product will not be set to 1 hereafter. Because we are
most interested in semiclassical limit, keeping ~ in Moyal’s product enables us to keep track of this.
In addition, we project G˜ onto the space spanning by its positive eigenstates to obtain semiclassical action, e.g.
|u±〉 with p · σ|u±〉 = ± |p| |u±〉. For simplicity, we focus on the positive-energy band and the counterpart for the
negative-energy band is similar. The projected Green’s function becomes
iG˜−1++ = 〈u+| ∗ G˜−1 ∗ |u+〉
= 〈u+|
[
1− i~
2
(←−
∂ qµ
−→
∂ pµ −
←−
∂ pµ
−→
∂ qµ
)] [
pµσ
aδµa +
(
ηbαη
ν
µ − ηναηbµ
)
(wαb pνσ
µ)
]
×
[
1− i~
2
(←−
∂ qµ
−→
∂ pµ −
←−
∂ pµ
−→
∂ qµ
)]
|u+〉+O
(
~2
)
= (p0 − |p|) (1 + w)−
[
w00p0 +
(
w0i p0pˆ
i + wi0pi
)
+ wji pj pˆ
i
]
+
[
p0 (∂qµw)− ∂qµw00p0 −
(
∂qµw
i
0
)
pi
]{ i
2
~
[(
∂pµ〈u+|
) |u+〉 − 〈u+| (∂pµ |u+〉)]}
+
[
−pi (∂qµw)−
(
∂qµw
0
i
)
p0 −
(
∂qµw
j
i
)
pj
]{ i
2
~
[(
∂pµ〈u+|
)
σi|u+〉 − 〈u+|σi
(
∂pµ |u+〉
)]}
+O (~2) .(A5)
where pµ = (p0, −p). We have only keep terms up to order ~ in the second line. In the fourth line, we have used
〈u+|σi|u+〉 = pˆi. The Berry connection is defined as
〈u+ (p) |∂pµ |u+ (p)〉 = −iAµp = −i (0, ap) . (A6)
7Because
〈u+ (p) |σi∂pµ |u+ (p)〉 = 〈u+ (p) |σi
( |u+ (p)〉 − |u+ (p−4p)〉
4pµ
)
, (A7)
by use of the modified Gordon’s identity in Appendix. E, one finds
Im〈u+|σi
(
∂pµ |u+〉
)
= −iAµp pˆi + iiµk
pˆk
2 |p| |µ6=0 +O (4p) . (A8)
and
Im
(
∂pµ〈u+|
)
σi|u+〉 = iAµp pˆi − iiµk
pˆk
2 |p| |µ6=0 +O (4p) . (A9)
Thus, the projected Green’s function becomes
iG˜−1++ = iG−10 (q)− ~Aµp∂qµiG−10 − ~imk
pˆk
2 |p|
[(
∂qmw
0
i p0 + ∂qmw
j
i pj
)]
, (A10)
where iG−10 (q) = (p0 − |p|) (1 + w)− wµapµpˆa and pˆa = (1, pˆ). Because pˆa is from 〈u+|σa|u+〉, it is supposed to link
to velocity. In reality, the response current is measured in lab coordinates with index µ, so we shall change indices of
pˆ and this leads to
iG˜−1++ = iG−1 (q)− ~Aµp∂qµiG−1 (q) + ξviel, (A11)
with
iG−1 (q) = (1 + w) paδaν pˆν + pawaν pˆν , (A12)
and
ξviel = ~0αβσ
(
1
2pbT
b
αβ
)
pˆσ
2 |p| . (A13)
Because
G−1 (q)− ~Aµp∂qµG−1 (q) ' G−1
(
q − ~Aµp
)
+O (~2) , (A14)
the Berry connection acts as gauge fields in momentum space. Then, the dispersion relation can be determined by
the poles of Green’s function,
p0 ' |p| − waµpapˆµ − ξviel + ap · p˙
' ∣∣p + (w0) |p|+ (wj) pj∣∣− [(w0)0 |p|+ (wi)0 pi]− ξviel + ap · p˙, (A15)
where we have neglected terms of order O (u2) and O (~2). After changing variable from p to k = p + (w0) |p| +(
wj
)
pj , one gets the action
L = k · q˙− (|k| − ξviel) + waµkaq˙µ − ak · k˙, (A16)
with kµ = (|k| , −k), q˙µ = (1, q˙) and
ξviel = ~0αβσ
(
1
2kbT
b
αβ
)
kˆσ
2 |k| . (A17)
Appendix B: Torsional chiral magnetic effect
In this section, both the torsional chiral magnetic effect and chiral magnetic effect are derived from equations of
motion with a careful treatment of cut-off. For simplicity, we consider the zero-temperature limit.
8The torsional chiral magnetic effect comes from
(
Ω˜ · v
)
T˜i in the equations of motion. For a = i, it becomes
j(1)s = −
ˆ
d3k
(2pi)
3
[
f+s
(
Ω˜+s · v+
)(
T˜iki
)
+ f−s
(
Ω˜−s · v−
)(
T˜iki
)]
= −
ˆ
d3k
(2pi)
3
{
1
exp [β (|k|+ λs0 − µs)] + 1 +
1
exp [β (− |k|+ λs0 − µs)] + 1
}(
Ω˜s · v
)(
T˜iλsi
)
=
s
4pi2
{ˆ Λ
λs0
d+
1
exp [β (+ − µs)] + 1 +
ˆ Λ
−λs0
d−
[
1− 1
exp [β (− + µs)] + 1
]}(
T˜iλsi
)
=
s
(
T˜iλsi
)
4pi2
(µs + Λ) , (B1)
where ± denotes positive- and negative-energy bands. In the second line, we have shifted variables k to k + λs. ±
is defined as ± = |k| ± λs0. Λ refers to cut-off for energy rather than momentum, i.e. λs0 < |k| + λs0 < Λ and
−Λ < − |k| + λs0 < λs0. So the energy ranges from −Λ to Λ. f± is the distribution function for positive- and
negative-energy particles, respectively. Note that Λ now plays the role of energy reference [19].
If a = 0, this current is
j(2)s = −
ˆ
d3k
(2pi)
3
[
f+s
(
Ω˜+s · v+
)(
T˜0k+0
)
+ f−s
(
Ω˜−s · v−
)(
T˜0k−0
)]
= −
ˆ
d3k
(2pi)
3
(
Ω˜s · v
){ 1
exp [β (|k− λs|+ λs0 − µs)] + 1
(
T˜0+
)
+
1
exp [β (− |k− λs| − λs0 − µs)] + 1
(
−T˜0−
)}
=
s
4pi2
{ˆ Λ
λs0
d+
T˜0+
exp [β (+ − µs)] + 1 +
ˆ Λ
−λs0
d−
[
1− 1
exp [β (− + µs)] + 1
](
−T˜0−
)}
=
s
8pi2
(
µ2s − Λ2
)
T˜0 (B2)
where k±0 = ±±. We have changed variable in the third line: k→ k+λs. Above all, if µ± = µ±µ5 and λ±µ = ±λµ,
then this current is
j =
Λλi
2pi2
T˜i +
µλi
2pi2
T˜i +
µµ5
2pi2
T˜0, (B3)
where the first term is the torsional chiral magnetic effect proposed in Ref. [66].
Let us turn to currents from the orbital moment. For a = 1, 2, 3, this current in the zero-temperature limit is
j′(1)s = s
ˆ
d3k
(2pi)
3 f
+∂k
(
kiT˜
i · k̂− λs
)
2 |k− λs|
=
s (µs − λs0)
12pi2
(
λsiT˜
i
)
, (B4)
where contribution from negative-energy band is zero and we have performed a partial integral and a variable change
k→ k + λs in the second line.
For a = 0, one can find
j′(2)s = s
ˆ
d3k
(2pi)
3 f
+∂k
(
k+0 T˜
0 · k̂− λs
)
2 |k− λs|
=
sµs (µs − λs0)
12pi2
(
T˜0
)
. (B5)
Similarly, if µ± = µ± µ5 and λ±µ = ±λµ, this current becomes
j′s =
µ
6pi2
(
λiT˜
i
)
+
µµ5
3pi2
T˜0 − µλ0
6pi2
T˜0. (B6)
9Appendix C: Liouville anomaly
The Liouville equation says that the phase-space current is conserved. However, the Berry curvature is singular
at Weyl nodes and thus breaks the Liouville equation, which is called Liouville anomaly. In this section, we derive
the Liouville equation in the language of differential form [43]. In addition, for clarity, we here use the four-vector
notation, with metric diag (1, −1, −1, −1) and neglect both ξviel and ξem.
We define following one form
−ηH = kidqi + (|k− λs|+ λs0) dt− waµkadqµ − aµskdkµ +Aµdqµ, (C1)
and two-form ωH = dηH , i.e.
−ωH = δijdki ∧ dqj − k̂ − λ
i
sdki ∧ dt
−
(
kaT
a + wiµdki ∧ dqµ − w0µk̂ − λs
i
dki ∧ dqµ
)
− Ωs + F, (C2)
where s = ±1 for the chirality of Weyl fermions and k0 = |k− λs|+ λs0. Ωs = 12Ωijs dki ∧ dkj , F and T a is the Berry
curvature, electromagnetic tensor and torsion, respectively. Because that ωH = dηH , one would naively expect that
dωH = 0. However, this is not true. To appreciate this point, let us calculate dωH ,
−dωH = −dT aka − ∂νwiµdqν ∧ dki ∧ dqµ + ∂νw0µk̂ − λs
i
dqν ∧ dki ∧ dqµ
−
(
−k̂ − λs
n
T 0dkn + T
idki
)
− dΩs + dF
= − (dT aka + dΩs − dF ) , (C3)
where dF = dT a = 0. dΩ is not necessarily zero, but relates to monopole charges. We then define a vector
V = q˙i ∂∂qi + k˙i
∂
∂ki
+ ∂∂t , which is about translation along time: for an arbitrary function g (q, k, t), V g =
d
dtg.
Then, the Liouville equation is
LV ΩL = 1
2!
dΩs ∧
[(
dki ∧ dqi − kˆidki ∧ dt− wiµdki ∧ dqµ + w0µkˆidki ∧ dqµ
)
− kaT a − Ω + F
]2
=
1
2!
dΩ (kaT
a − F ) ∧ (kbT b − F ) , (C4)
where ΩL = 13!ω
3
H ∧ dt is the phase-space volume form and LV is the Lie derivative of vector V . LV ΩL is now a top
form, so, for convenience, we employ the Hodge star operator to transform it to a scalar function, i.e.
?LV ΩL = ?
[(
1
2!
)4(
∂
∂kl
Ωijs dkl ∧ dki ∧ dkj
)(
kaT
a
µν − Fµν
) (
kaT
a
ρσ − Fρσ
)
dqµ ∧ dqν ∧ dqρ ∧ dqσ
]
=
[(
1
2!
)4
lij
(
∂
∂kl
Ωijs
)
µνρσ
(
kaT
a
µν − Fµν
) (
kaT
a
ρσ − Fρσ
)]
=
1
8
(
∂kΩ˜s
)
µνρσ
(
kaT
a
µν − Fµν
) (
kbT
b
ρσ − Fρσ
)
, (C5)
with
(
∂kΩ˜s
)
= −2pisδ (k− λs). Thus, the Liouville equation is
∂D
∂t
+
∂Dq˙
∂q
+
∂Dk˙
∂k
= −pis
µνρσ
4
δ3 (k− λs)
(
kaT
a
µν − Fµν
) (
kbT
b
ρσ − Fρσ
)
. (C6)
Because of k0 = |k− λs| + λs0, this delta function implies k0 = λs0. In addition, by inserting distribution function
back, the equation above becomes
∂µj
µ
s = −s
µνρσ
32pi2
(
λsaT
a
µν − Fµν
) (
λsbT
b
ρσ − Fρσ
)
. (C7)
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Appendix D: “Landau Levels” induced by screw dislocations
In this section, we derive the “Landau levels” for Weyl fermions under screw dislocations. From the action in Eq.
(1) in the main text, one obtains the corresponding equation of motion
1
2
[(
det ebβ
)
γaeµa (i∂µΨ) + γ
ai∂µ
(
det ebβe
µ
aΨ
)]− (det ebβ)λaγaγ5Ψ = 0. (D1)
For simplicity, we consider screw dislocations with the displacement vector along z-axis
eaµ = δ
a
µ + w
a
µ, (D2)
with w3µ =
1
2
(
0, −T˜ y, T˜ x, 0
)
and waµ = 0 for a 6= 3. That is, the torsional magnetic field T˜ is along the z-axis.
The Hamiltonians for the right-handed fermions (HR) and the left-handed fermions (HL) are thus given as
HR =
 (pz − λz) (px + 12 T˜ ypz)− i(py − 12 T˜ xpz)(
px +
1
2 T˜ ypz
)
+ i
(
py − 12 T˜ xpz
)
− (pz − λz)
 , (D3)
and
HL = −
 (pz + λz) (px + 12 T˜ ypz)− i(py − 12 T˜ xpz)(
px +
1
2 T˜ ypz
)
+ i
(
py − 12 T˜ xpz
)
− (pz + λz)
 . (D4)
It implies that Weyl fermions under a momentum-dependent magnetic field T˜ pz, which entirely differ from the cases
of magnetic fields and axial magnetic fields.
Because the Hamiltonian commutes with pˆz, the quantum number pz can be used to label eigenstates and the
Hamiltonian can be recast as
HR =

 (pz − λz)
√∣∣∣2T˜ pz∣∣∣Aˆ†√∣∣∣2T˜ pz∣∣∣Aˆ − (pz − λz)

 (pz − λz)
√∣∣∣2T˜ pz∣∣∣Aˆ√∣∣∣2T˜ pz∣∣∣Aˆ† − (pz − λz)

for T˜ pz > 0
for T˜ pz < 0
, (D5)
where bˆx = −i∂x − i 12 T˜ xpz, bˆy = −i∂y − i 12 T˜ ypz,
aˆx(y) =

1√
|T˜ pz| bˆx(y)
1√
|T˜ pz| bˆ
†
x(y)
for T˜ pz > 0
for T˜ pz < 0
, (D6)
and
Aˆ =
aˆx + iaˆy√
2
. (D7)
It is straightforward to verify that
[
Aˆ, Aˆ†
]
= 1 and
[
Aˆ, Aˆ
]
= 0. The square of Hamiltonian is
H2R|T˜ pz>0 =
 (pz − λz)2 + ∣∣∣2T˜ pz∣∣∣ Aˆ†Aˆ 0
0
∣∣∣2T˜ pz∣∣∣ (Aˆ†Aˆ+ 1)+ (pz − λz)2
 (D8)
and
H2R|T˜ pz<0 =
 (pz − λz)2 + ∣∣∣2T˜ pz∣∣∣ (Aˆ†Aˆ+ 1) 0
0
∣∣∣2T˜ pz∣∣∣ Aˆ†Aˆ+ (pz − λz)2
 . (D9)
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Figure 2. Schematic picture of the Landau levels due to screw dislocations. The red lines refer to the zeroth chiral Landau
level for the right-handed Weyl fermions near pz = λz and the left-handed Weyl fermions near pz = −λz, respectively.
Thus, the dispersion relation for the right-handed fermions can be calculated
ER =

{
pz − λz
− (pz − λz)
for T˜ pz > 0
for T˜ pz < 0
±
√
(pz − λz)2 + 2
∣∣∣nT˜pz∣∣∣
n = 0
n2 ≥ 1 , (D10)
where n is integer. Similarly, for the left-handed fermions, one has
EL =

{
− (pz + λz)
(pz + λz)
for T˜ pz > 0
for T˜ pz < 0
±
√
(pz + λz)
2
+ 2
∣∣∣nT˜pz∣∣∣
n = 0
n2 ≥ 1 . (D11)
One clearly finds a chiral zeroth Landau level for the left- or right-handed Weyl fermions, as shown in Fig. 2 above.
Appendix E: Modified Gordon’s identity
The well-known Gordon’s decomposition is valid for massive Dirac fermions. Therefore, in this section, we derived
a modified Gordon’s identity, which also holds for massless Weyl fermions.
Assume |u+ (p)〉 is the eigenfunction of Weyl’s equation,
p · σ|u+ (p)〉 = + |p| |u+ (p)〉. (E1)
From the identity for Pauli’s matrices[
σi, σj
]
= 2σiσj − 2δij = −2σjσi + 2δij , (E2)
one can thus obtain
1
2
〈u+ (p′) |
[
σi, σj
]
(p′ − p)j |u+ (p)〉
=〈u+ (p′) |
[(−σjσi + δij) p′j − (σiσj − δij) pj] |u+ (p)〉
=〈u+ (p′) |
[−σjσip′j − σiσjpj + δij (p′j + pj)] |u+ (p)〉
=〈u+ (p′) | (|p′|+ |p|)σi|u+ (p)〉 − (p′ + p)i 〈u+ (p′) |u+ (p)〉,
with pµ = (p0, −p). Thus the modified Gordon’s identity for Weyl fermions is of form
〈u+ (p′) |σi|u+ (p)〉 = 1
(|p′|+ |p|) [−i
ijk〈u+ (p′) | (p′ − p)j σk|u+ (p)〉+ (p′ + p)i 〈u+ (p′) |u+ (p)〉]. (E3)
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That is, for the right-handed Weyl fermions, we have found
〈u+ (p) |σi|u+ (p−4p)〉 = −iijk
[〈u+ (p) |σk|u+ (p−4p)〉] (4p)j
(|p|+ |p−4p|)
+〈u+ (p) | (2p−4p)
i
(|p|+ |p−4p|) |u+ (p−4p)〉, (E4)
which leads to following equation by iterating
〈u+ (p) |σi|u+ (p−4p)〉
=〈u+ (p) |u+ (p−4p)〉[ (2p−4p)
i
(|p|+ |p−4p|) − i
ijk (2p−4p)k
(|p|+ |p−4p|)
(4p)j
(|p|+ |p−4p|) ] +O
(4p2) (E5)
Because of the expansion |p−4p| = |p| − pˆ · 4p +O (4p2) , one can find
(2p−4p)i
(|p|+ |p−4p|) =
pˆi + pˆ′i
2
+O (4p2) (E6)
where p′ = p−4p. That is, equation above becomes
〈u+ (p) |σi|u+ (p−4p)〉 =〈u+ (p) |u+ (p−4p)〉
[
pˆi + pˆ′i
2
− iijk
(
pˆk + pˆ′k
)
2
(4p)j
2 |p|
]
+O (4p2) . (E7)
∗ jhzhou@hmfl.ac.cn
† zhh98@mail.sysu.edu.cn
[1] K. Fujikawa and H. Suzuki, Path integrals and quan-
tum anomalies, 122 (Oxford University Press on Demand,
2004).
[2] R. A. Bertlmann, Anomalies in quantum field theory,
Vol. 91 (Oxford University Press, 2000).
[3] E. Witten, Rev. Mod. Phys. 88, 035001 (2016).
[4] S. Ryu, J. E. Moore, and A. W. W. Ludwig, Phys. Rev.
B 85, 045104 (2012).
[5] A. A. Zyuzin and A. A. Burkov, Phys. Rev. B 86, 115133
(2012).
[6] Z. Wang and S.-C. Zhang, Phys. Rev. B 87, 161107
(2013).
[7] C.-X. Liu, P. Ye, and X.-L. Qi, Phys. Rev. B 87, 235306
(2013).
[8] P. Hosur and X. Qi, C. R. Phys. 14, 857 (2013).
[9] H. Weng, X. Dai, and Z. Fang, Journal of Physics: Con-
densed Matter 28, 303001 (2016).
[10] N. P. Armitage, E. J. Mele, and A. Vishwanath, Rev.
Mod. Phys. 90, 015001 (2018).
[11] A. Burkov, Annu. Rev. Condens. Matter Phys. 9, 359
(2018).
[12] A. Vilenkin, Phys. Rev. D 22, 3080 (1980).
[13] K. Fukushima, D. E. Kharzeev, and H. J. Warringa,
Phys. Rev. D 78, 074033 (2008).
[14] A. G. Grushin, Phys. Rev. D 86, 045001 (2012).
[15] D. T. Son and N. Yamamoto, Phys. Rev. Lett. 109,
181602 (2012).
[16] J. Zhou, H. Jiang, Q. Niu, and J. Shi, Chin. Phys. Lett.
30, 027101 (2013).
[17] P. Goswami and S. Tewari, Phys. Rev. B 88, 245107
(2013).
[18] M. M. Vazifeh and M. Franz, Phys. Rev. Lett. 111,
027201 (2013).
[19] K. Landsteiner, Phys. Rev. B 89, 075124 (2014).
[20] M.-C. Chang and M.-F. Yang, Phys. Rev. B 91, 115203
(2015).
[21] D. T. Son and B. Z. Spivak, Phys. Rev. B 88, 104412
(2013).
[22] S. A. Parameswaran, T. Grover, D. A. Abanin, D. A.
Pesin, and A. Vishwanath, Phys. Rev. X 4, 031035
(2014).
[23] A. A. Burkov, Phys. Rev. B 96, 041110 (2017).
[24] S. Nandy, G. Sharma, A. Taraphder, and S. Tewari,
Phys. Rev. Lett. 119, 176804 (2017).
[25] J. Zhou, H.-R. Chang, and D. Xiao, Phys. Rev. B 91,
035114 (2015).
[26] E. V. Gorbar, V. A. Miransky, I. A. Shovkovy, and P. O.
Sukhachov, Phys. Rev. Lett. 118, 127601 (2017).
[27] Z. Song, J. Zhao, Z. Fang, and X. Dai, Phys. Rev. B 94,
214306 (2016).
[28] P. Rinkel, P. L. S. Lopes, and I. Garate, Phys. Rev. Lett.
119, 107401 (2017).
[29] D. Liu and J. Shi, Phys. Rev. Lett. 119, 075301 (2017).
[30] H.-J. Kim, K.-S. Kim, J.-F. Wang, M. Sasaki, N. Satoh,
A. Ohnishi, M. Kitaura, M. Yang, and L. Li, Phys. Rev.
Lett. 111, 246603 (2013).
[31] X. Huang, L. Zhao, Y. Long, P. Wang, D. Chen, Z. Yang,
H. Liang, M. Xue, H. Weng, Z. Fang, X. Dai, and
G. Chen, Phys. Rev. X 5, 031023 (2015).
[32] J. Xiong, S. K. Kushwaha, T. Liang, J. W. Krizan,
M. Hirschberger, W. Wang, R. Cava, and N. Ong, Sci-
ence 350, 413 (2015).
[33] C.-Z. Li, L.-X. Wang, H. Liu, J. Wang, Z.-M. Liao, and
D.-P. Yu, Nat. Commun. 6, 10137 (2015).
[34] H. Li, H. He, H.-Z. Lu, H. Zhang, H. Liu, R. Ma, Z. Fan,
S.-Q. Shen, and J. Wang, Nat. Commun. 7, 10301 (2016).
13
[35] Q. Li, D. E. Kharzeev, C. Zhang, Y. Huang, I. Pletikosic,
A. V. Fedorov, R. D. Zhong, J. A. Schneeloch, G. D. Gu,
and T. Valla, Nat. Phys. 12, 550 (2016).
[36] M. Wu, G. Zheng, W. Chu, W. Gao, H. Zhang, J. Lu,
Y. Han, J. Yang, H. Du, W. Ning, Y. Zhang, and
M. Tian, arXiv:1710.01855 [cond-mat.mes-hall].
[37] S. L. Adler, Phys. Rev. 177, 2426 (1969).
[38] J. S. Bell and R. Jackiw, Il Nuovo Cimento A 60, 47
(1969).
[39] H. B. Nielsen and M. Ninomiya, Phys. Lett. B 130, 389
(1983).
[40] M. A. Stephanov and Y. Yin, Phys. Rev. Lett. 109,
162001 (2012).
[41] D. Xiao, M.-C. Chang, and Q. Niu, Rev. Mod. Phys. 82,
1959 (2010).
[42] M. Stone and V. Dwivedi, Phys. Rev. D 88, 045012
(2013).
[43] V. Dwivedi and M. Stone, Journal of Physics A: Mathe-
matical and Theoretical 47, 025401 (2013).
[44] H. Nieh and M. Yan, J. Math. Phys. 23, 373 (1982).
[45] Y. You, G. Y. Cho, and T. L. Hughes, Phys. Rev. B 94,
085102 (2016).
[46] M. N. Chernodub and M. A. Zubkov, Phys. Rev. B 95,
115410 (2017).
[47] G. Sundaram and Q. Niu, Phys. Rev. B 59, 14915 (1999).
[48] L. Parker, Phys. Rev. D 22, 1922 (1980).
[49] X. Huang and L. Parker, Phys. Rev. D 79, 024020 (2009).
[50] D. T. Son and N. Yamamoto, Phys. Rev. D 87, 085016
(2013).
[51] In this work, we mainly focus on the weak displacement
field regime ( small ua compared to the crystal constants)
away from the dislocation cores, in which the perturba-
tive approach is sufficient to investigate the responses
from torsions.
[52] T. L. Hughes, R. G. Leigh, and E. Fradkin, Phys. Rev.
Lett. 107, 075502 (2011).
[53] T. L. Hughes, R. G. Leigh, and O. Parrikar, Phys. Rev.
D 88, 025040 (2013).
[54] Since Weyl fermions are massless, the non-diagonal com-
ponents of Green’s function (G˜+− and G˜−+) are gener-
ally not small. In this paper, we would like to focus on
the semiclassical region (|p| √|B|), in which the Fermi
level crosses many Landau levels such that G˜±∓ becomes
negligible [40].
[55] J. M. Luttinger, Phys. Rev. 135, A1505 (1964).
[56] T. Qin, Q. Niu, and J. Shi, Phys. Rev. Lett. 107, 236601
(2011).
[57] A. Shitade, Prog. Theor. Exp. Phys. 2014, 123I01 (2014).
[58] G. Tatara, Phys. Rev. Lett. 114, 196601 (2015).
[59] D. Culcer, J. Sinova, N. A. Sinitsyn, T. Jungwirth, A. H.
MacDonald, and Q. Niu, Phys. Rev. Lett. 93, 046602
(2004).
[60] D. Xiao, J. Shi, and Q. Niu, Phys. Rev. Lett. 95, 137204
(2005).
[61] Y. Gao, S. A. Yang, and Q. Niu, Phys. Rev. Lett. 112,
166601 (2014).
[62] S. A. Yang, H. Pan, and F. Zhang, Phys. Rev. Lett. 115,
156603 (2015).
[63] Q.-D. Jiang, H. Jiang, H. Liu, Q.-F. Sun, and X. C. Xie,
Phys. Rev. Lett. 115, 156602 (2015).
[64] X. Dai, Z. Z. Du, and H.-Z. Lu, Phys. Rev. Lett. 119,
166601 (2017).
[65] Q. Niu, M. Chang, B. Wu, D. Xiao, and R. Cheng,
Physical Effects of Geometric Phases (World Scientific
Publishing Company Pte Limited, 2017).
[66] H. Sumiyoshi and S. Fujimoto, Phys. Rev. Lett. 116,
166601 (2016).
[67] A. G. Grushin, J. W. F. Venderbos, A. Vishwanath, and
R. Ilan, Phys. Rev. X 6, 041046 (2016).
[68] D. I. Pikulin, A. Chen, and M. Franz, Phys. Rev. X 6,
041021 (2016).
[69] Z.-M. Huang, J. Zhou, and S.-Q. Shen, Phys. Rev. B 96,
085201 (2017).
[70] A. Vilenkin, Phys. Rev. D 20, 1807 (1979).
[71] D. E. Kharzeev and H. J. Warringa, Phys. Rev. D 80,
034028 (2009).
[72] J. Ma and D. A. Pesin, Phys. Rev. B 92, 235205 (2015).
[73] S. Zhong, J. E. Moore, and I. Souza, Phys. Rev. Lett.
116, 077201 (2016).
[74] J. Zhou and H.-R. Chang, Phys. Rev. B 97, 075202
(2018).
[75] D. Xiao, Y. Yao, Z. Fang, and Q. Niu, Phys. Rev. Lett.
97, 026603 (2006).
[76] J. Gooth, A. C. Niemann, T. Meng, A. G. Grushin,
K. Landsteiner, B. Gotsmann, F. Menges, M. Schmidt,
C. Shekhar, V. Süß, R. Hühne, B. Rellinghaus, C. Felser,
B. Yan, and K. Nielsch, Nature 547, 324 (2017).
[77] E. V. Gorbar, V. A. Miransky, I. A. Shovkovy, and P. O.
Sukhachov, Low Temperature Physics 44, 487 (2018).
[78] The lowest-order solution of Eq. (11) is j =
1
2pi2
(−λ×E+ λ0B). The first term is the AHE and the
second term would be canceled by terms from energy cut-
off (see Refs. [16–20] for details). In addition, we have
neglected the contributions from polarization and mag-
netization.
[79] E. Liu, Y. Sun, N. Kumar, L. Muechler, A. Sun, L. Jiao,
S.-Y. Yang, D. Liu, A. Liang, Q. Xu, J. Kroder, V. Süß,
H. Borrmann, C. Shekhar, Z. Wang, C. Xi, W. Wang,
W. Schnelle, S. Wirth, Y. Chen, S. T. B. Goennenwein
and C. Felser, Nat. Phys. 14, 1125 (2018).
[80] The definition of Weyl-node’s position in energy space
(λ0) in the framework of quantum field theory is a bit
subtle [19] and its effect is not the key focus of this paper.
[81] C. G. Callan and J. A. Harvey, Nucl. Phys. B 250, 427
(1985).
[82] Y. Takane, J. Phys. Soc. Jpn. 86, 123708 (2017).
[83] M. Stone, Annals of Physics 207, 38 (1991).
[84] J. Rammer, Quantum field theory of non-equilibrium
states (Cambridge University Press, New York, 2007).
